Observe that (1) n+ (n+ l)2 = qk is equivalent to (2) Z2 = 2-qk-l, for if Z = 2n + 1, (1) comes from (2) , and if n = (Z -l)/2, (2) comes from (1) . Some facts are stated about Gaussian integers. The integers are of the form a + bi, where a and b are natural integers. Unique factorization holds, and the only units are +1, -1, +i, -i.
II. Case 1: 41, 5, 13, 29, 37, 53, 61, 101, and 109. A special solution is required for every prime q in Case 1. We select 41 ; the results for all the primes in Case 1 are in Table I , and their results can be compared with those of 41.
Let us factor (1) for q = 41 : [(n + 1) + ni][(n + 1) -ni] = (5 + 4¿)*(5 -Ai)k = uk ■ ~A, with the possible inclusion of some units. Should (n + 1) + ni or (n + 1) -ni have as factors both 5 + Ai and 5 -Ai, it would have a factor of 41. Hence, its real and imaginary parts, n+l and n, would both be divisible by 41, which is impossible. (A similar argument shall be omitted later.) Now, 42 + 52 = 41, so solutions with fc > 2 must be sought. The following lemma must first be proven.
Lemma, n is a solution (=) n = 651 or -652 (mod 412). Proof. If n runs through the integers mod 41, namely 0, 1, 2, • • -, 40, then n2 + (n+ l)2 = 0 (mod 41) (=) n = 4 or n = 36 (i.e., -5) (mod 41). The above lemma can also be proved by using [4, p. 79] . In fact, [4] can be used to prove the lemma in the general case for a prime of the form At + 1. Now, (5 + Ai)k = Xk + iYk, so (4) (Xk+i + iYk+i) = (X, + ¿7,0(5 + Ai) = (5Xk -AYk) + (AXk + bYk)i ;
therefore, Xk+i = 5Xk -AYk, and Yk+i = AXk + 5Yk. It can be seen that both Xt and Yk satisfy
we could have the possibility that Zk either = ±n or ±(n + 1) mod 412; i.e., Zk = ±651 or ±652 (mod 412).) Thus, Z0 = 1, Zi = 5. We use Zo, Zh and the formula Zj+2 = 10Zj+i -A1Z¡ (mod 412).
We say that a sequence is quasi-periodic when two successive residue classes repeat except possibly with a change of sign. By (5), the sequence is quasi-periodic, 
